A numerically exact method is presented to calculate the thermodynamic quantities of twodimensional Ising models with complicated but regularly disposed frustrations. The method is used to study several kinds of frustration models. The layered frustration model is studied in detail to reveal the effect of frustrations on phase transition. It is shown that (1) single layers of frustration prevent the correlation from propagating over the entire region resulting no global ordering at finite temperatures, whereas (2) even layers of frustration help the correlation growing to the global ordering. In the latter case the critical behavior is characterized by the liogarithmic singularity. The difference of frustration arrangements has no effect on the transition temperature but is related strongly with the critical amplitudes. § 1. Introduction
It has been recognized uncontroversially after considerable efforts that spin glasses are characterized by the following two important concepts: One is the concept of non-uniformity of spin systems which requires adequate configurational averages over randomness. The other is the concept of frustration introduced by Toulouse 2 l which essentially describes and quantifies the effect of competition between ferromagnetic and antiferromagnetic interactions encountered in random spin systems. The combined effects of non-uniformity and frustration create interesting but complicated physical properties of spin glasses.
The simplest model of spin glass studied so far 0 is the inhomogeneous Ising model on a square lattice where Ising spins interact via nearest-neighbor couplings varying both in strength and sign. Even for such a simple model a satisfactory microscopic theory has not been developed yet. However, cumbersome configurational averages can be circumvented by disposing frustrated squares regularly on a square lattice. Such frustration models are exactly soluble, and still exhibit some peculiarities of spin glass as Villain has remarked. 3 l Because of this important property, several frustration models 3 l~ls) have been studied to get a better understanding of spin-glass properties as well as the effect of frustration on phase transition.
The purpose of the present article is to present a numerically exact method based on the random-walk method 19 J,zoJ to calculate the thermodynamic quantities of twodimensional (2D) frustration models. It is shown that this method is applicable for models with rather complicated arrangement of frustration, the exact solutions of which are formidable by use of the usual analytical methods. 6 l, 7 l The method has been used to study several kinds of frustration models. 21 l In this article the detailed study of the layered frustration modePo),ll) is given; the study of other models will appear elsewhere.
The general aspect of the thermodynamic behavior of the frustration models is as follows : The frustration models have the inhomogeneous structure in which unfrustrated regions of finite extent are separated by the intermediate frustrated regions. As the temperature decreases from infinity, normal ordering process takes place as long as the correlation length is smaller than the size of unfrustrated region. The local ordering in region of finite extent is expected, and large amount of energy is released by the ordering which leads to some maximum in the specific heat. As the temperature decreases further, the unfrustrated regions get into contact through the intermediate frustrated regions. For some arrangements of frustration the possibility of global ordering arises, whereas for other arrangements the global ordering does not occur. The present study has revealed that for the layered frustration model the correlation between the unfrustrated regions is blocked by odd layers of frustration, whereas it can cross over even layers of frustration to grow to the global ordering.
In §2 the random-walk method for calculating the partition function of 2D Ising model is reviewed, and a prescription is given to calculate the thermodynamic quantities numerically. In §3 the method is applied to the layered frustration model and the effect of frustration on phase transition is examined. Discussion is given in §4. § 2. Model and procedure
The 2D Ising model with frustrations
The model we consider is the 2D Ising model described by the Hamiltonian:
where the spin variables (Ji may be + 1 and < i J> denote the site indices of two adjacent spins on the square lattice. The competition between ferromagnetic and antiferromagnetic interactions characterizes the spin-glass model. One of the simplest model is the +] model which assumes that
where TJij are chosen out of + 1. Toulouse 2 > has pointed out that the frustration effect is the most genuine and interesting feature in such model. According to him the frustration function is defined by (2· 3) which is the sign of the product of the interactions around an elementary square (plaquette) denoted by [ijkl] ; (/) provides a local measure of frustration since whenever (/) = -1 there is no way of choosing the orientation of the Ising spins around the plaquette without frustrating at least one bond. Hereafter we restrict ourselves to frustration models with r; ij distributed by a certain rule.
Partition function
The partition function for the Ising model is written in the form : where N is the number of sites, Kij =fulks T, K =Ilks T, and
The bond connecting the sites i and j is related to a value x ij. Z is transformed in the following form in the same way as the regular Ising model :
where ~r is the sum over all closed loops and II <i,j> Er Xij is the product of Xij which forms the loop r : T's are generally multiply connected loops. Z is represented by the singly connected loops :
where~ r is the sum over the singly connected loops, and nr is the number of self-crossings in the loop r. The terminology used here follows that of Bryksin et al. The summation over singly connected loops in Eq. (2·7) is reduced to the problem of the random walk on the lattice. 16 
>'
20 > This is done by introducing a matrix Mt (pip') defined as the probability of the transition at where A (pip')= Mt (pip') is the matrix for the transition of single step given by ( 2--9) Here (x ,Y) are the Cartesian coordinates of a vector r to the lattice site i. Then
where Aj are the eigenvalues of A and x =tanhK. The complex values exp( + ilC/ 4) which appear in A are excluded by the unitary transformation
and A is expressed as
Thus the calculation of the partition function is reduced to the diagonalization of the matrix A of 4N X 4N elements. It can be done by taking advantage of the lattice periodicity and transforming A to its Fourier representation:
Let. the frustrated squares be arranged periodically with a unit cell composed of m elementary squares of the square lattice; m = n1 X nz where n1 ( nz) is the number of elementary squares along the x(y) axis. Then A(qalq' a') has a block diagonal form:
Here A q is the matrix of 4m X 4 m elements:
where f.-L denotes the site in the unit cell with the position vector of dp.. Then Z can be written in terms of the 4m eigenvalues ilAq) of Aq : ( 2 ·16) where the factor mN arise from the fact that a unit cell contains m elementary cells. The free energy is given by 19 >.zo>
The critical temperature is determined by the temperature for which
which gives the singularity of the free energy corresponding to an instability of the spin density wave with q and j.
We use the dimensionless units for the free energy f =-F/ks TmN and the exchange interaction constant K =Ilks T. In these units we obtain: (1) the internal energy of the system E J (2) the specific heat (3) the entropy
The task is now reduced to a calculation of the determinant or eigenvalues of the transition matrix Aq of 4m X 4m elements. Although this method is very promising, the application has so far been restricted to a few systems with relatively simple arrangement of frustrated squares.
This is because the calculation of the determinants is rather tedious even for simple systems. The inconvenience can be avoided by lise of a highspeed electric computer to solve the eigenvalue problem. This enables us to apply the method to systems with more complex arrangement of frustrated squares than hitherto considered.
The algorithm of the computation is as follows : (1) Let the frustrated squares be arranged periodically with a unit cell composed of m elementary squares of the square lattice; m= n1 X nz where n1Cnz) is the number of elementary squares along the x(y) axis. For the odd model of Villain Fig. 3 and Table I .
( 4) Let n(f.l, /3) be the nearest-neighbor map matrix :
where v is the index of the nearest site of f1 with the incoming direction /3. and the resulting eigenvalues ;t(q) are stored. It should be noted that l1iq) are independent of temperature, so that the diagonalization process is needed only once for a given frustration model.
The thermodynamic quantities at any desired temperature T are calculated from Eqs. (2·17)and (2·19) in terms of Aj(q) and x=tanh]/ksT. The temperature dependences of E, C and S are also obtained by computing the free energy for a set of neighboring temperatures and taking the derivatives numerically. The agreements with the direct calculation by use of Eq. (2 ·19) are found to be remarkable. § 3. Thermodynamic properties of layered frustration mod1el
Definition of layered frustration model (LFR)
All the bonds of the homogeneous Ising model are ferromagnetic ; this model is free from frustration. The frustration models are constructed by reversing the signs of some bonds of the Ising regular model under certain rule; the resulting frustration network acts as an obligatory source or sink of disorder. For example, the odd model of Villain 3 ) shown in Fig.2 The general aspect of the thermodynamic behavior of the LFR model is as follows : As the temperature decreases from infinity, normal ordering process takes place as long as the correlation length is smaller than the width of the unfrustrated layer. 'Thus local ordering in regions of finite extent is expected, and a large amount of energy is released by this ordering leading to some maximum in the specific heat. As the temperature decreases further, the unfrustrated regions get into contact through the frustrated parts. For some arrangements of frustrations the possibility of global ordering arises which is connected with the logarithmic singularity in the free energy. For other arrangements the global ordering does not occur at nonzero temperature. For each case the arrangements of frustration are examined in the following.
The [n, n] model
The [n, n] model does not exhibit a phase transition at finite temperatures since the mean coupling E is zero. The unit cells of [n, n] models are shown in Fig. 4 . As seen from the figure, there are several sets of models with the same n but with different frustration arrangements; the symbols S, T and Pare used to differentiate them. All the [n, n] models, except [1, 1] As the temperature decreases from infinity, the local ordering in unfrustrated regions of finite extent' grows and releases a large amount of energy which causes the maximum in the specific heat as shown in Fig. 6 ; the peak value and position decreases as c increases.
Even if the temperature decreases down to zero, the global ordering does not arise in these models. This result indicates that the correlation between the unfrustrated regions 1s blocked by odd layers of frustration. The degeneracy of the ground state can be expressed by the number of minimum length pairing of the frustrated squares. For the odd model the exact result of Kasteleyn, 23 l S(T=0)=0.2916ks, is reproduced. For other models [4, 4] T, [5, 5] T and [5, 5] P models have nonzero entropy at T=O; they are 0.1643ks, 0.1318kB and 0.0962ks, respectively. The other models with single layers of frustration have zero entropy at T =0. The temperature dependence of the entropy is shown in Fig. 7 . It is seen that the temperature dependence of entropy is closely related with the frustration arrangements.
The [m, n] model
The unit cells of [m, n] models (m* n) are shown in Fig. 8 ; the mean coupling E and [m, n] c
0.3333 [3, 1] 0.5 [4, 1] 0.6 [3, 2] 0.2 [4, 2] 0.3333 [5, 2] 0.4286 [4, 3] 0.1429 [5, 4] 0 
[ 5' 2] Q I ' I I I X 1 X I X ! X I [4, 3] I X l X I X l X I X l X I [5, 4] I X; X I X; X I X 1 X I X! X I transition temperature Tc are given in Table II . Figure 9 shows the specific heat of [3, 2] S, [ 4, 2] S and [5, 2] S models compared with that of [3, 3] S, [ 4, 4] S and [5, 5] S models; these models contain two, three and four unfrustrated layers, respectively. The local ordering is nearly the same in both the respective models leading to the broad peaks in the specific heat at nearly the same te:mperature. In the low temperature region, the unfrustrated regions get into contact through the frustrated regions, and the global orderings arise in the former models ; the transition temperature is given by Eq. (3 · 2). 3.4. Frustrations and specific heat According to Eq. (3·2), the transition temperature Tc is determined solely by the mean coupling c, but is independent of the detail of the frustration arrangements. As seen from Table II It is interesting to see that the degeneracy of the ground state has no effect on the transition temperature. Specific heat curves are shown in Fig. 13 . There occurs the phase transition at Tc predicted by Eq. phase transition of logarithmic singularity at Tc. Detail will appear shortly.
21 l § 4. Discussion A numerically exact method based on the random-walk method has been presented to calculate the thermodynamic quantities of 2D frustration models with regularly disposed frustrations. This method has been applied to study the layered frustration model, and has revealed the effect of frustrations on phase transition. In conclusion, the usefulness of the present method has been demonstrated in this study. This method can treat models with rather complicated arrangements of frustration for which the usual analytic approaches are formidable. Some results will appear elsewhere. 20 
